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1. INTRODUCTION
Let A be a Gorenstein local ring with the maximal ideal  and let I
be an -primary ideal in A. Then, following [GIW], we say that I is a
good ideal in A if I contains a parameter ideal Q in A as a reduction and
the associated graded ring GI =⊕n≥0 In/In+1 of I is a Gorenstein ring
with aGI = 1 − dimA, where aGI = 1 − dim A, where aGI
denotes the a-invariant of GI [GW, Deﬁnition (3.1.4)]. In [GIW] Goto
et al. intensively studied good ideals in a given Gorenstein local ring and
among many other results they gave in the case where dimA = 1 a striking
correspondence theorem between the set A of good ideals in A and the set
A of certain overrings of A. To state their result explicitly let us assume
that dimA = 1 and let B denote the total quotient ring of A. Let A be
the set of Gorenstein A-algebras C of B which are module-ﬁnite extensions
of A but C = A. Then we have the following.
Theorem (1.1) [GIW, Theorem (4.2).] There is a one-to-one correspon-
dence between A and A which sends each I ∈ A to EndA I = I 	 B I and
takes back each C ∈ A to HomAC	A = A 	 B C. The correspondence
1 The ﬁrst author is supported by a Grant-in-Aid for Scientiﬁc Researches in Japan (C(2),
Grant 11640049).
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reverses the inclusion and one has the equality
lAC/A = lAA/A 	 B C
for all C ∈ A.
One of the advantages of their theorem is as follows: sometimes it is
much easier to explore the set of A than A. For instance, we have that
A = lA 
A/A for every one-dimensional complete reduced local ring A
of multiplicity 2 (here 
A denotes the normalization of A) and the set A is
totally ordered with respect to inclusion; hence there exists a unique chain
A = C0C1 · · ·Cn = 
A
(n = lA 
A/A) of rings between A and 
A. Consequently by Theorem (1.1)
we know that A = lA 
A/A and the set A is also totally ordered
with respect to inclusion [GIW, Theorem (5.1)]. However the ﬁniteness
of the set A is no more true unless the completion Â of A is reduced,
even though A has multiplicity 2. In fact, let A = kX	Y /Y 2 where
kX	Y  denotes the formal power series ring in two variables over a
ﬁeld k. Then the set A is still totally ordered with respect to inclusion
but A = ∞, although one can classify the good ideals in A [GIW,
Example (5.7)].
The present research has started from the natural question of what hap-
pens to the ring A = kX	Y /Yn+1 in the case where n ≥ 2. According
to our experiences, the structure of A is quite complicated even in the case
where n = 2 or 3. On the contrary, once we restrict our attention to the
graded structure, the situation is much simpler and there suddenly appear
somewhat surprising arithmetic objects which we would like to report in
this paper.
Let R be a DVR with the maximal ideal  and let t ∈  be a regular
parameter. Let K be the quotient ﬁeld of R and put B = KX/Xn+1
n ≥ 1, where X is an indeterminate over K. Let x be the reduction of
XmodXn+1 and put A = Rx. Then A is a one-dimensional Gorenstein
local ring with B the total quotient ring. We regard the rings A and B to
be graded whose graduations are given by Ai = Rxi, Bi = Kxi 0 ≤ i ≤ n,
and Ai = Bi = 0 otherwise. Now let C be an R-subalgebra of B and
assume that C is ﬁnitely generated as an R-module. Then we say that C is
graded if C = ∑ni=0C ∩ Bi. When this is the case, the ring C is actually
a graded ring with the graduation Ci = C ∩ Bii∈. Because R is a DVR
and C is a ﬁnitely generated R-module, the equality C = ∑ni=0C ∩ Bi is
equivalent to saying that C is equipped with a family αi0≤i≤n of elements
in K such that C =∑ni=0R · αixi. If we further assume that C ⊇ A, then we
can choose unique integers pi0≤i≤n with p0 = 0 so that C =
∑n
i=0Rx
i/tpi .
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These graded R-subalgebras C = ∑ni=0Rxi/tpi of B are the targets of the
present research.
Now let us state, explaining how this paper is organized, the abstract
of our results. In Section 2 we shall summarize some basic results on
the graded rings C = ∑ni=0Rxi/tpi , which we will need throughout this
paper. This kind of rings C are always Cohen–Macaulay local rings of mul-
tiplicity n + 1 and the embedding dimension vC of C is at most n + 1
(Lemma (2.3) (2)). It is not difﬁcult to describe the structure of the canon-
ical module KC = HomRC	R of C in terms of the integers pi0≤i≤n
(Proposition (2.6)). As a direct consequence we will give a simple crite-
rion for C to be a Gorenstein ring in terms of pi0≤i≤n. We have that
vC ≤ n, once C is a Gorenstein ring and n ≥ 2 (Corollary (2.7)). As is
shown in Example (2.10) the estimation vC ≤ n is sharp. But there seems
to be a rather strong connection between the embedding dimension vC
of C and the integer n, which we would like to explore in Section 3 for the
case where vC = n− 1 (Theorem (3.1)). Section 4 is devoted to the ques-
tion of when C is a complete intersection. We shall give, in terms of some-
what strong and unexpected conditions on the integers n and pi0≤i≤n, a
characterization of the graded R-subalgebras C = ∑ni=0Rxi/tpi of B being
complete intersections (Theorems (4.9) and (4.10)). If vC = 3, then nat-
urally C is a complete intersection. As an application of these observations,
we are able to answer the question when vC = 3. We will show that n+ 1
is not a prime number if and only if vC = 3 for some C (Corollary (4.13)).
Before entering into details, let us ﬁx again our standard notation, which
we shall maintain throughout this paper. Let R	 be a DVR with t ∈ 
a regular parameter. Let K = QR be the quotient ﬁeld of R and let
κ = R/. Let n ≥ 1 be an integer and put B = KX/Xn+1, whose X is
an indeterminate over K. We denote by x the reduction of XmodXn+1
and put A = Rx. We regard both A and B to be graded rings whose
graduations are given by Ai = Rxi, Bi = Kxi 0 ≤ i ≤ n, and Ai = Bi =
0 otherwise. Let  = 1	 2	    	 n.
2. CHARACTERIZATION OF C ∈ A	g.
Let C be an R-subalgebra of B and assume that C is a ﬁnitely generated
R-module. We put Ci = C ∩ Bi (i ∈ ). Then C is said to be graded if
C = ∑i∈C ∩ Bi. When this is the case, C is actually a graded ring with
the graduation Cii∈. If C is graded and Ci = 0 for any 0 ≤ i ≤ n, then
because R is a DVR and 0 = Ci ⊆ Kxi for all 0 ≤ i ≤ n, there exists a
unique family pi0≤i≤n of integers satisfying the conditions p0 = 0,
pi + pj ≤ pi+j if i+ j ≤ n	 (2.1)
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and Ci = Rxi/tpi for all 0 ≤ i ≤ n. Therefore
l∑
j=1
αjpij ≤ pk if k =
l∑
j=1
αjij ≤ n	 (2.2)
where 0 ≤ αj ∈  and ij ∈  = 1	 2	    	 n. In what follows, let C =∑n
i=0Rx
i/tpi denote a graded R-subalgebra of B equipped with the family
pi0≤i≤n p0 = 0 of integers satisfying the condition (2.1). We put fi =
xi/tpi 0 ≤ i ≤ n and C+ =
∑
1≤i≤n Ci. Then C is a local ring, because
C = R+ C ∩Bx and C ∩Bxn+1 = 0. The ring C is necessarily Cohen–
Macaulay, since t is C-regular (recall that dimC = 1). We denote by C
the maximal ideal in C.
Let eC, vC, and aC, respectively, denote the multiplicity, the
embedding dimension, and the a-invariant of C. Then vC ≤ n + 1,
because C = t	 fi1≤i≤n. We furthermore have the following.
Lemma (2.3). (1) n+1C = t·nC .
(2) eC = n+ 1 and vC ≤ n+ 1.
(3) aC = n.
Proof. Since c =  + C ∩ Bx and C ∩ Bxn+1 = 0, we have
n+1C = ·nC = t·nC . Hence tC is a minimal reduction of C so that
eC = lCC/tC = lRC/tC = rankR C = n + 1, where l∗ denotes the
length. Because aC = aC/tC [GW, Remark (3.1.6)] and aC/tC = n,
we get aC = n.
We put 
C = C/tC and let J = 
C denote the maximal ideal in 
C. Then
C is a graded κ-algebra with 
Ci = κ
fi 0 ≤ i ≤ n, where ∗¯ denotes
the reduction mod tC. Hence dimκ
Ci = 1 if 0 ≤ i ≤ n and 
Ci = 0
otherwise. As J = 
C+, for each i ∈  we have J/J2i = 0 if and only
if i ∈  and 
fi ∈ J2, where J/J2i stands for the homogeneous component
of the graded module J/J2 with degree i. Let
C = i ∈   
fi ∈ J2
Then 1 ∈ C ⊆  and J = 
fi  i ∈ C, so that vC = C + 1 because
C = t	 fii∈C  and t ∈ 2C .
The next assertion might be clear for some readers: we would like to
note a brief proof, because we will use it so frequently.
Proposition (2.4). Let i ∈ . Then i ∈ C if and only if i = α+ β and
pi = pα + pβ for some α	β ∈ .
Proof. Suppose i ∈ C and write 
fi =
∑
α	β∈ cαβ
fα
fβ with cαβ ∈

Ci−α+β, where  = α	β ∈ 2C  α+ β ≤ i ≤ n+ α+ β. Let α	β ∈
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 . Then since 
Ci−α+β = κfi−α+β, we may write cαβ = aαβfi−α+β with
aαβ ∈ R. Therefore
fi =
∑
α	β∈ 
aαβfi−α+βfαfβ + tg
for some g ∈ Ci. Hence letting g = afi with a ∈ R, we get
fi =
∑
α	β∈ 
uaαβfi−α+βfαfβ	
where u = 1− at−1. Thus
1
tpi
= ∑
α	β∈ 
uaαβ
tpi−α+β+pα+pβ
in K so that we have pi ≤ pi−α+β + pα + pβ for some α	β ∈  . Let
γ = i − α + β. Then pi ≤ pγ + pα + pβ ≤ pγ+α + pβ by the condi-
tion (2.1), so that pi = pγ+α + pβ again by the condition (2.1) because
i = γ + α + β.
Corollary (2.5). Let i ∈ . Then there exist integers αj ∈ C 1 ≤ j ≤ l
such that i = ∑lj=1 αj and pi = ∑lj=1 pαj . Hence C+ = fi  i ∈ C so that
C = Rfi  i ∈ C.
Proof. Assume the contrary and choose i ∈  as small as possible
among the counterexamples. Then i ∈ C . Therefore by Proposition (2.4)
we have i = j + k and pi = pj + pk for some j	 k ∈ . Then because
of the minimality of i we may write j = ∑rl=1 βl and k = ∑sm=1 γm with
pj =
∑r
l=1 pβl and pk =
∑s
m=1 pγm for some βl	 γm ∈ C . Hence the inte-
ger i itself has the required form, which is absurd.
We want to describe the canonical module KC = HomRC	R of C in
terms of the integers pi0≤i≤n. First of all we recall that KB ∼= Bn as
graded B-modules ([GW, Deﬁnition (2.1.2)]; notice that aB = n), where
Bn denotes the graded B-module whose underlying module coincides with
B and whose graduation is given by Bni = Bn+i i ∈ . More precisely,
let p	 B → Bn = Kxn denote the projection map and let ρ	 B
p→Bn =
Kxn
σ∼→K, where σ is the K-isomorphism deﬁned by σxn = 1. Then the
homomorphism ψ	 Bn → KB = HomKB	K of B-modules deﬁned by
ψ1 = ρ is the required isomorphism of graded B-modules. Consequently
we get the identiﬁcation KC = ψ−1L of graded C-modules, where L =
α ∈ HomKB	K  αC ⊆ R. Notice that ψ−1Li = z ∈ Bni 
zC−i ⊆ Rxn for all i ∈ . Then we readily have the following description
of KC inside Bn.
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Proposition (2.6). KC =
∑0
i=−n R · tp−ixi+n. The homogeneous compo-
nents KCi i ∈  of KC are given by KCi = R · tp−ixi+n −n ≤ i ≤ 0 and
KCi = 0 otherwise.
Corollary (2.7). The following conditions are equivalent.
(1) C is a Gorenstein ring.
(2) pi + pj = pn for all i	 j ∈  such that i+ j = n.
Hence vC ≤ n if C is a Gorenstein ring and n ≥ 2.
Proof. (1)⇒(2) Since KC ∼= Cn (cf. Lemma (2.3)(3) and [GW,
Proposition (2.1.3)]), by Proposition (2.6) we get KC = Ctpn . Let −n ≤ i ≤ 0
be an integer and write tp−ixi+n = ξtpn with ξ ∈ Ci+n. Then letting
ξ = axi+n/tpi+n for some a ∈ R, we have tp−ixi+n = atpn−pi+nxi+n so that
p−i ≥ pn − pi−n, whence p−i + pi+n = pn by the condition (2.1). Thus
pi + pj = pn if i+ j = n.
(2)⇒(1) Because tp−ixi+n = xi+n/tpi+n tpn for all −n ≤ i ≤ 0, we get
KC = Ctpn . Hence C is a Gorenstein ring, because KC is a cyclic C-module
[BH, Theorem 3.3.7 and Proposition 3.3.11].
The last assertion is obvious, because vC = C + 1 and n ∈ C
(cf. Proposition (2.4)).
Let A	g denote the set of graded good ideals in A and let A	g be the
set of graded Gorenstein A-subalgebras C of B which are module-ﬁnite
extensions of A but C = A. Then by Theorem (1.1) we have A 	 B C ∈ A	g
for all C ∈ A	g, which gives rise to a one-to-one correspondence between
the sets A	g and A	g, because the ring EndA I = I 	 B I is graded for all
I ∈ A	g. Namely we have the following.
Theorem (2.8). The correspondence A	g → A	g, C → A 	 B C is a
bijection.
We denote by n the set of vectors p = p1	 p2	    	 pn ∈ n which sat-
isfy the following four conditions: (a) pi + pj ≤ pi+j for all i	 j ∈  such
that i + j ≤ n, (b) pi + pj = pn for all i	 j ∈  such that i + j = n, (c)
p1 ≥ 0, and (d) pi ≥ 1 for some i ∈ . We have pa = a	 2a	    	 na ∈ n
for all 1 ≤ a ∈ , whence the set n is inﬁnite. Let Cp =
∑n
i=0Rx
i/tpi
p0 = 0 for each p ∈ n. Then A	g = p  p ∈ n and the cor-
respondence n → A	g	 p → Cp is a bijection (Corollary (2.7)). We
have Cp ⊇ Cq if and only if pi ≥ qi for all i ∈ . Therefore the
set A	g is totally ordered with respect to inclusion if n ≤ 2, because
n = pa  1 ≤ a ∈  for n = 1	 2. This is no longer true even if n = 3.
(In fact, we have 3 = a	 b	 a + b  a	 b ∈  such that a ≥ 0, b ≥ 2a,
and b ≥ 1. Choose a	 b ∈  so that a ≥ 1 and 2a < b. Then pa	 q =
0	 b	 b ∈ 3 but Cpa ⊇ Cq ⊇ Cpa.) Since p1 ≥ 0, for all p ∈ n we
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have p0 = 0 ≤ p1 ≤ p2 ≤ · · · ≤ pn (thanks to condition (a)). Consequently
A 	 B Cp =
∑n
i=0R · tpn−ixi, because
A 	 B Cpi =
(
n−i⋂
j=0
Rtpj
)
· xi = R · tpn−ixi
for all 0 ≤ i ≤ n. Therefore by Theorem (2.8) we get
Corollary (2.9). A	g = 
∑n
i=0R · tpn−ixi  p ∈ n.
Before closing this section let us note one example. Let n ≥ 2 and
put p0= 0, pi= 2i− 1 (1≤ i≤n− 1), and pn= 2n− 2. Then p=p1	
p2	    	 pn ∈n. Let C =Cp. Then A	 BC = Rt2n−2+
∑n−1
i=1 Rt
2n−i−1xi
+ Rxn ∈ A	g. We furthermore have
Example (2.10). The equality vC = eC − 1 = n holds true.
Hence the associated graded ring GC =
⊕
i≥0
i
C/
i+1
C of C is a
Gorenstein ring.
Proof. Since p1 + pn−1 = pn, we have n ∈ C . Let i ∈  and assume
i ∈ C . Then by Proposition (2.4) i = α + β and pi = pα + pβ for some
α	β ∈ . Because 1 ≤ α	β < n, we get pi = pα + pβ = 2α + β − 2 =
2i − 2, whence i = n. Thus C = \n so that vC = n. The second
assertion directly follows from [S2], because vC = eC + dimC − 2 = n
(cf. Lemma (2.3) (2)).
Remark (2.11). (1) In general the associated graded rings GC
are not necessarily Cohen–Macaulay; see Theorem (4.10) and Corollary
(4.13) (2).
(2) Let P = RX1	X2	    	Xn−1 n ≥ 3 be the polynomial ring
in n − 1 variables over R and let ϕ	 P → C be the epimorphism of R-
algebras deﬁned by ϕXi = fi 1 ≤ i ≤ n− 1, where C denotes the ring
of Example 210. Then we have
Ker ϕ = XiXj  1 ≤ i	 j ≤ n− 1 such that i+ j > n
+ XiXj − tXi+j  1 ≤ i	 j ≤ n− 1 such that i+ j < n
+ XiXn−i −X1Xn−1  1 ≤ i ≤ n− 1
For instance let n = 4. Then Ker ϕ = X2X3	X23 	X21 − tX2	X1X2 −
tX3	X
2
2 − X1X3, which is generated by the Pfafﬁans of degree 4 in the
following alternating matrix
0 X3 0 X2 X1
−X3 0 0 X1 t
0 0 0 X3 X2
−X2 −X1 −X3 0 0
−X1 −t −X2 0 0
 
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3. STRUCTURE OF C ∈ A	g WITH vC = n− 1
If n ≥ 2 and our graded ring C = ∑ni=0Rxi/tpi is Gorenstein, then we
have vC ≤ n (Corollary (2.7)) and Example (2.10) shows this inequality
is really sharp. However, there is a rather strong restriction on vC for
graded Gorenstein R-subalgebras C =∑ni=0Rxi/tpi of B. In this section we
shall explore this phenomenon and the purpose is to prove the following.
Theorem (3.1). The following conditions are equivalent.
(1) 3  n.
(2) vC = n− 1 for some C ∈ A	g.
We divide the proof of Theorem (3.1) into a few steps.
Lemma (3.2). Let C =∑ni=0Rxi/tpi be a graded Gorenstein R-subalgebra
of B and let α	β	 γ ∈  with n = α + β + γ. Then pα+β = pα + pβ if
pn = pα + pβ + pγ.
Proof. Since pn = pα+β + pγ by Corollary (2.7), we readily get pα+β =
pα + pβ.
Corollary (3.3). Suppose that vC = n − 1 for some graded Goren-
stein R-subalgebra C = ∑ni=0Rxi/tpi of B. Then 3  n and C = \2l	 3l
where l = n3 .
Proof. We have n ≥ 3 because vC ≥ 2. Let  = C . Then n ∈ 
by Corollary (2.7) and \ = 2 because vC =  + 1. Let \ =
k	 n 1 < k < n. Then by Proposition (2.4) we have k = α + β and
pk = pα + pβ for some α	β ∈ . Let γ = n − k. Then α	β	 γ ∈ , n =
α+ β+ γ, and pn = pk + pγ = pα + pβ + pγ (Corollary (2.7)). Therefore
by Lemma (3.2) we get α+β, β+γ, γ+α ∈ \ = k	 n, so that α+β =
β+ γ = γ + α = k. Thus α = β = γ, k = 2α, and n = 3α. Hence 3  n and
C = \2l	 3l where l = n3 .
To complete the proof of Theorem (3.1), let l ≥ 1 be an integer and put
n = 3l. Let  = \2l	 3l. For each i ∈  we put
pi =
 i− 1 1 ≤ i ≤ l − 1,i l ≤ i ≤ 2l or i = 3l,
i+ 1 2l + 1 ≤ i ≤ 3l − 1.
(3.4)
Then it is direct to check that the integers pi0≤i≤n (p0 = 0) satisfy the
condition (2.1). We put C = ∑ni=0Rxi/tpi . Then because pi + pj = n if
i + j = n and pi ≥ 1 for 2 ≤ i ≤ n, by Corollary (2.7) we have C ∈ A	g
It is routine to check that  = C (use Proposition (2.4)). Hence vC =
+ 1 = n− 1, which completes the proof of Theorem (3.1).
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The above proof of Theorem (3.1) contains a little more information
about the structure of graded Gorenstein R-subalgebras C of B with vC =
n− 1. Let l ≥ 1 be an integer and put n = 3l. Let pi0≤i≤n p0 = 0 be the
family of integers given by (3.4). We put fi = xi/tpi (0 ≤ i ≤ n). Then it is
a routine work to see that the elements fi0≤i≤n of B satisfy the following
equalities.
(1) Let i	 j ∈  = \2l	 3l. Then
fifj =

aijfi+j for some aij ∈  i+ j ∈ 	
aijf
2
l for some aij ∈  i+ j = 2l	 i = j	
f 3l i+ j = 3l	
0 i+ j > 3l
(3.5)
(2) fif
3
l = 0 for all i ∈ .
(3) f2l = f 2l and f3l = f 3l .
We furthermore have the following.
Proposition (3.6). Let l ≥ 1 be an integer and put n = 3l. Let pi0≤i≤n
p0 = 0 be integers satisfying the condition (2.1) and assume that the elements
fi = xi/tpi0≤i≤n of B satisfy the equalities stated in (3.5). Let C =
∑n
i=0Rfi.
Then C is a Gorenstein ring with vC = n− 1.
Proof. By Corollary (2.7) C is a Gorenstein ring. Let P = RXi  i ∈ 
denote the polynomial ring and let ϕ	 P → C be the R-algebra map deﬁned
by ϕXi = fi (i ∈ ). We put
 = XiXj − aijXi+j  i	 j ∈  such that i+ j ∈ 
+ XiXj − aijX2l  i	 j ∈  such that i+ j = 2l but i = j
+ XiXj −X3l  i	 j ∈  such that i+ j = 3l
+ XiXj  i	 j ∈  such that i+ j > 3l
+ XiX3l  i ∈  (3.7)
Then  ⊆ Kerϕ, thanks to the relations (3.5). Let 
P = P/ and let xi
denote the reduction of Ximod . Then 
P = R · 1 +
∑
i∈ Rxi + Rx2l +
Rx3l , whence the epimorphism 
ϕ	 
P → C induced from ϕ must be an
isomorphism, because C is a free R-module with rankR C = n + 1. Thus
Kerϕ =  and so P/tP +  ∼= C/tC as κ-algebras. Therefore vC =
+ 1 = n− 1, because vC/tC = vP/tP + = .
The converse of Proposition (3.6) is also true. We actually have the
following.
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Theorem (3.8). Let pi0≤i≤n p0 = 0 be integers and put fi = xi/tpi
0 ≤ i ≤ n. Let C = ∑ni=0Rfi and assume that C is a Gorenstein subring of
B with vC = n− 1. Then the elements fi0≤i≤n satisfy the relations stated
in (3.5) where l = n3 and  = C = \2l	 3l. Therefore the deﬁning ideal
 of C is given by (3.7).
The proof of Theorem (3.8) given below is a modiﬁcation of [S1, Proof
of Theorem 1.1] in our context. Let us note it for the sake of completeness.
Proof. We have 3  n and if n = 3, then C = 1 (Corollary (3.3))
so that C = Rx/tp1 ∼= RX1/X41 as R-algebras. Hence we may assume
n ≥ 6. Then C = \2l	 3l where l = n3 . Let  = C and 
C = C/tC.
Let J = 
C+ denote the maximal ideal in 
C. Then since l
C
C = n +
1 and v
C = l
CJ/J2 = n − 2 (cf. Lemma (2.3)), we have l
CJ2 = 2.
Hence l
CJ3 = 1 and J4 = 0, because l
C0 	 J = 1 (recall that 
C is a
Gorenstein ring with a
C = n. Therefore J3 = 0 	 J = 
Cn so that we
have J · 0 	 J2 ⊆ 0 	 J = J3. Because
l
C0 	 J2/J2 = l
C0 	 J2 − 2
= l
C
C/J2 − 2
= n+ 1 − 2 − 2
= n− 3	
we may choose homogeneous elements ξi1≤i≤n−3 of 0 	 J2 so that 0 	
J2 = I + J2, where I = ξi  1 ≤ i ≤ n− 3. Similarly, because
l
CJ/0 	 J2 = l
CJ − l
C0 	 J2
= n− n− 1
= 1	
we may choose a homogeneous element ρ ∈ J so that J = ρ + 0 	 J2.
Hence J = ρ + I because 0 	 J2 = I + J2. Notice that
J2 = 0 	 0 	 J2 = 0 	 I ∩ 0 	 J2 ⊇ 0 	 I ∩ I (3.9)
We need the following.
Claim (3.10). 0 	 IJ2
Proof of Claim (3.10). Assume that 0 	 I = J2. Then I = 0 	 0 	
I = 0 	 J2 ⊇ J2 so that I ⊇ J3. We have l
CI/J3 ≤ n− 3 because JI ⊆ J3
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and µ
CI ≤ n− 3 (here µ∗ denotes the number of generators). On the
other hand, because 0 	 I = J2, we get
l
CI/J3 = l
C0 	 J2/J3
= l
C0 	 J2/J2 + l
CJ2/J3
= n− 3 + 1
= n− 2	
which is impossible.
Let us choose a homogeneous element η ∈ 0 	 I so that η ∈ J2. Then
η ∈ J = ρ + I, because I = 0 (recall that 0 	 J2J2 because l
C0 	
J2/J2 = n− 3 ≥ 3). We write η = ρα+ β with α ∈ 
C and β ∈ I. Then
Claim (3.11). α ∈ J.
Proof of Claim (3.11). Suppose α ∈ J. Then η− ρα = β ∈ I, while η−
ρα ∈ 0 	 I because J2 ⊆ 0 	 I. Hence by (3.9) η− ρα ∈ 0 	 I ∩ I ⊆ J2
so that η ∈ J2, which is impossible.
Therefore α ∈ J whence J = η + I. Hence J2 = η2 + I2 because
ηI = 0. Consequently J2 ⊆ η2 + J3 because I2 ⊆ J · 0 	 J2 ⊆ J3,
which implies J2 = η2 and J3 = η3 = 
Cn. Thus we get degη = l
= n3  and  = l ∪ deg ξi  1 ≤ i ≤ n − 3, since the homogeneous
elements η and ξi1≤i≤n−3 minimally generate the ideal J (recall that
dimκ
Ci = 1 for all 0 ≤ i ≤ n).
Let us now check that the elements fi0≤i≤n satisfy the relations stated
in (3.5). We put ki = deg ξi 1 ≤ i ≤ n − 3. Then κ
fl = κη = 
Cl and
κ
fki = κξi = 
Cki 1 ≤ i ≤ n − 3. Therefore because ηξi = 0 for all
1 ≤ i ≤ n − 3, we have flfj = 0 for all j ∈ \l. We have p2l = 2pl and
p3l = 3pl by the proof of Corollary (3.3). Hence f2l = f 2l and f3l = f 3l .
Let i	 j ∈  such that i + j ∈  and i	 j = l. Then i = kα and j = kβ for
some 1 ≤ α	β ≤ n− 3. We write ξα = c
fi and ξβ = d
fj with c	 d ∈ κ\0.
Hence ξαξβ = cdfifj ∈ 
Ci+j but i + j = n, so that we have fifj = 0
because ξαξβ ∈ I2 ⊆ J3 = 
Cn. Let j ∈  and assume that l + j ∈ .
Then j = l and so flfj = 0, since 
fl ∈ η and 
fj ∈ I. Let i	 j ∈  and
assume that i+ j = 2l but i = j. Then 
fi	
fj ∈ I because i	 j = l. Therefore
fifj = 0 since fifj ∈ I2 ⊆ 
Cn but fifj ∈ 
C2l, which completes the proof
of Theorem (3.8) because pi + pj = 3pl for all i	 j ∈  with i + j = 3l
(Corollary (2.7)).
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4. COMPLETE INTERSECTIONS
In this section we shall explore the structure of graded R-subalgebras
C = ∑ni=0Rxi/tpi of B which are complete intersections. Our destination
is Theorems (4.9) and (4.10) below. Let us start from the following.
Lemma (4.1). Let k1	    	 kl	 kl+1 ∈  l ≥ 1 and assume the following
two conditions are satisﬁed.
(1) 1 = k1 < k2 < · · · < kl < kl+1;
(2) ki  ki+1 for all 1 ≤ i ≤ l.
Let qi = ki+1/ki 1 ≤ i ≤ l. Then kl+1 =
∏l
i=1 qi and for each 0 ≤ m ∈ 
one has a unique expressionm =∑l+1i=1 βiki	 where 0 ≤ βi ∈  1 ≤ i ≤ l+ 1
with 0 ≤ βi < qi for all 1 ≤ i ≤ l.
Proof. The equality kl+1 =
∏l
i=1 qi is obvious. First we will show
the uniqueness of the expression. Let 0 ≤ m ∈  and assume that
m = ∑l+1i=1 βiki with 0 ≤ βi < qi for 1 ≤ i ≤ l and 0 ≤ βl+1. Then∑i
j=1 βjkj < ki+1 for all 1 ≤ i ≤ l. In fact, the inequality is certainly
true for i = 1, because k2 = q1 and β1 < q1. Suppose 2 ≤ i ≤ l and∑i−1
j=1 βjkj < ki. Then we get
i∑
j=1
βjkj =
i−1∑
j=1
βjkj + βiki < 1+ βiki ≤ qiki = ki+1	
so that
∑i
j=1 βjkj < ki+1 for all 1 ≤ i ≤ l. Consequently
0 ≤ m− βl+1kl+1 =
l∑
j=1
βjkj < kl+1	
which shows the uniqueness of βl+1. To check the uniqueness of βi (1 ≤
i ≤ l), passing to the integer m− βl+1kl+1, we may assume that βl+1 = 0.
Hence m =∑li=1 βiki so that the uniqueness of the integers βi1≤i≤l read-
ily follows by induction on l. Because β < ql if β ∈  and βkl ≤ m < kl+1
(recall that kl+1 = qlkl), by induction on l we similarly have the existence
of the expression m =∑l+1i=1 βiki too.
Let k1	    	 kl	 kl+1 ∈  (l ≥ 1) and assume that conditions (1) and (2)
stated in Lemma (4.1) are satisﬁed. Let 0 ≤ m < kl+1 be an integer and
write m = ∑li=1 βiki with βi ∈  such that 0 ≤ βi < qi = ki+1/ki for all
1 ≤ i ≤ l. Let
	 =
{
γ = γ1	 γ2	    	 γl  0 ≤ γi ∈  and m =
l∑
i=1
γiki
}

Then 	 is a ﬁnite set and β = β1	 β2	    	 βl ∈ 	 .
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Proposition (4.2). Let ai ∈  1 ≤ i ≤ l and assume that qiai < ai+1
for all 1 ≤ i < l. Then
l∑
i=1
γiai ≤
l∑
i=1
βiai
for all γ ∈ 	 .
Proof. For each γ ∈ 	 we put γ = ∑li=1 γiai. Suppose γ > β for
some γ ∈ 	 and let 
 = γ ∈ 	  γ > β. Then for each γ ∈ 
 we
have γ = β, whence by Lemma (4.1) γi ≥ qi for some 1 ≤ i ≤ l. We put
sγ = min1 ≤ i ≤ l  γi ≥ qi and let s = maxsγ  γ ∈ 
 . We choose
γ ∈ 
 so that s = sγ. Then s < l. In fact, assume s = l. Then γl ≥
ql and so m ≥ γlkl ≥ qlkl = kl+1, which is impossible. We write γs =
qsα + δ with α	 δ ∈  such that 1 ≤ α and 0 ≤ δ < qs. Then, letting γ′ =
γ1	    	 γs−1	 γs − αqs	 γs+1 + α	 γs+2	    	 γl ∈ 	 , we see γ′ ∈ 
 because
of the maximality of s = sγ. Hence γ′ ≤ β < γ. However, since α ≥
1 and as+1 > qsas, we get γ′ = γ + αas+1 − qsas > γ, which is a
contradiction. Thus γ ≤ β for all γ ∈ 	 .
Let λ denote the polynomial ring in one variable λ.
Lemma (4.3). Let αi	 ki ∈  1 ≤ i ≤ l and assume that 1 ≤ α1 ≤
α2 ≤ · · · ≤ αl and 1 ≤ k1 < k2 < · · · < kl. Then αi = ki for all 1 ≤ i ≤ l if
l∏
i=1
1− λαi =
l∏
i=1
1− λki
Proof. Let 8 = 1	 2	    	 l. Then because ∏li=11 − λαi = ∏li=11 −
λki, expanding both sides we have∑
I⊆8
−1Iλ
∑
i∈I αi = ∑
I⊆8
−1Iλ
∑
i∈I ki  (4.4)
The right hand side of (4.4) certainly involves the term −λk1 . Let  = I ⊆
8. Then
∑
i∈I αi ≥ α1, because α1 ≤ αi for all 1 ≤ i ≤ l. And if
∑
i∈I αi = α1,
then I = 1 and αi = α1 where I = i. This observation shows that the
left hand side of Eq. (4.4) involves −mλα1 (m = 1 ≤ i ≤ l  αi = α1) as
the term of the next smallest degree. Hence α1 = k1 and m = 1. Thus the
induction on l guarantees αi = ki for all 1 ≤ i ≤ l.
Let n ≥ 1 be an integer and  = 1	 2	    	 n. We choose a family
pi0≤i≤n p0 = 0 of integers so that pi + pj ≤ pi+j if i + j ≤ n. Let
C = ∑ni=0Rxi/tpi . Then C is a graded R-subalgebra of B. We put  =
C and l =  (hence 1 ∈  ⊆  and vC = l + 1). Let us write  =
1 = k1 < k2 < · · · < kl and put kl+1 = n + 1. Then C = Rxki/tpki 
1 ≤ i ≤ l (Corollary (2.5)). Let P = RX1	X2	    	Xl be the polynomial
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ring in l variables over R and let ϕ	 P → C denote the R-algebra map
deﬁned by ϕXi = xki/tpki for all 1 ≤ i ≤ l. We put  = Kerϕ and
m = µP. Let us now regard the ring P to be a graded ring whose
graduation is deﬁned by P0 = R and Pki  Xi (1 ≤ i ≤ l). Hence P contains
a unique graded maximal ideal, say  = t	 Xi1≤i≤l, and the ideal  is a
graded ideal contained in P+ = X1	X2	    	Xl. Therefore we may choose
a homogeneous minimal system gi1≤i≤m of generators for the ideal . Let
αi = deg gi (≥ 1) for each 1 ≤ i ≤ m. After renumbering, we may assume
1 ≤ α1 ≤ α2 ≤ · · · ≤ αm. Then C is a complete intersection if and only
if m = l (recall that dimC = 1 and vC = l + 1. The latter condition
is equivalent to saying that the sequence t	 g1	 g2	    	 gm of homogeneous
elements in P forms a regular sequence (in any order).
Corollary (4.5). Assume that C is a complete intersection. Then αi =
ki+1 for all 1 ≤ i ≤ l.
Proof. Let Q = P/tP = κX1	X2	    	Xl. Then Q/Q ∼= C/tC as
graded κ-algebras. Therefore, since the sequence g1	 g2	    	 gl is Q-regular,
the Hilbert series Hλ of the graded κ-algebra C/tC has the following two
forms:
Hλ =
n∑
i=0
λi = 1− λ
α11− λα2 · · · 1− λαl
1− λk11− λk2 · · · 1− λkl 
Hence
∏l
i=11 − λαi =
∏l
i=11 − λki+1 (recall that k1 = 1 and kl+1 =
n+ 1), so that by Lemma (4.3) we readily get αi = ki+1 for all 1 ≤ i ≤ l.
We furthermore have the following.
Proposition (4.6). Assume that C is a complete intersection. Then
(1) ki  ki+1 for all 1 ≤ i ≤ l and
(2) one may choose the system gi1≤i≤l of generators for the ideal 
so that gi = Xqii − aiXi+1 with ai ∈  1 ≤ i < l and gl = Xqll where
qi = ki+1/ki 1 ≤ i ≤ l.
Proof. We have  = Xn+11  if l = 1. Assume that l > 1 and look at
the element g1 ∈ Pk2 . Then because 1 = k1 < k2 < ki if i ≥ 3, we have
Pk2 = RX
k2
1 +RX2. Let g1 = aXk21 + bX2 with a	 b ∈ R. Then b ∈  because
vQ/Q = vC/tC = l, where Q = P/tP = κX1	X2	    	Xl. On the
other hand,wehavea ∈  = tRbecauseg1 ∈ tP (recall that t	 g1 isP-regular).
Thus changing the element g1, we may assume g1 = Xk21 − a1X2 with a1 ∈ .
Of course k1  k2 (note k1 = 1). Consequently by induction we may assume
that 1 ≤ i < l and that our assertion holds true for all 1 ≤ j ≤ i. Namely
kj  kj+1 and gj = X
qj
j − ajXj+1 aj ∈  (4.7)
for all 1 ≤ j ≤ i where qj = kj+1/kj .
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(I) In the case where i ≤ l − 2, we look at the element gi+1 ∈
Pki+2 . Let 
P = P/g1	 g2	    	 gi and let xj denote the reduction of Xj
modg1	 g2	    	 gi. Then because ki+2 < kj if j ≥ i + 3, thanks to (4.7)
we have

Pki+2 = Rx
β1
1 x
β2
2 · · ·x
βi+1
i+1 + Rxi+2	
where βj1≤j≤i+1 are the unique integers such that ki+2 =
∑i+1
j=1 βjkj ,
0 ≤ βj < qj for all 1 ≤ j ≤ i, and 0 ≤ βi+1 (cf. Lemma (4.1)). Therefore
gi+1 ≡ aXβ11 Xβ22 · · ·X
βi+1
i+1 + bXi+2 modg1	 g2	    	 gi for some a	 b ∈ R.
We have b ∈  because vQ/Q = l. The element gi+1 is regular
modt	 g1	 g2	    	 gi = t	Xq11 	Xq22 	    	Xqii , because the sequence
t	 g1	 g2	    	 gi+1 is P-regular. Hence a ∈ , βj = 0 for all 1 ≤ j ≤ i, and
βi+1ki+1 = ki+2. Consequently ki+1  ki+2 and gi+1 = Xqi+1i+1 − ai+1Xi+2
(ai+1 ∈ ) where qi+1 = ki+2/ki+1.
(II) In the case where i = l − 1, we look at the element gl ∈ Pn+1.
For the same reason as above we have
gl ≡ aXβ11 Xβ22 · · ·Xβll modg1	 g2	    	 gl−1	
where βi1≤i≤l are the unique integers such that n + 1 =
∑l
i=1 βiki, 0 ≤
βi < qi for all 1 ≤ i < l, and 0 ≤ βl (cf. Lemma (4.1)). Then gl is regular
modt	 g1	 g2	    	 gl−1 = t	Xq11 	Xq22 	    	Xql−1l−1  so that a ∈ , βi = 0 for
all 1 ≤ i ≤ l − 1, and βlkl = n+ 1. Hence kl  kl+1 and so we may assume
gl = Xqll where ql = kl+1/kl.
If the number n+ 1 is prime, then kl = 1 so that we readily get
Corollary (4.8). Suppose that C is a complete intersection. Then
vC = 2 if n+ 1 is a prime number.
Our goal is as follows.
Theorem (4.9). Suppose that C is a complete intersection and let qi =
ki+1/ki for all 1 ≤ i ≤ l. Then
(1) qipki < pki+1 for all 1 ≤ i < l.
(2) Let i ∈  and write i = ∑lj=1 βjkj , where βj ∈  such that 0 ≤
βj < qj for all 1 ≤ j ≤ l. Then
pi =
l∑
j=1
βjpkj 
(3)  = Xqii − tciXi+1  1 ≤ i < l + Xqll , where ci = pki+1 − qipki
for 1 ≤ i < l.
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Proof. Let i ∈  and write i = ∑lj=1 βjkj as is in (2). Then by
Proposition (4.6) we have P/i = Rxβ11 xβ22 · · ·xβll , where xj denotes
the reduction of Xj mod. Hence fi = afβ1k1 f
β2
k2
· · · fβlkl for some a ∈ R.
In particular we get pi ≤
∑l
j=1 βjpkj , so that pi =
∑l
j=1 βjpkj by (2.2).
Because by Proposition (4.6) f qiki = aifki+1 (ai ∈ ) if 1 ≤ i < l, we see that
qipki < pki+1 and ai = tci where ci = pki+1 − qipki .
Theorem (4.9) gives a characterization of C ∈ A	g being a complete
intersection. In fact, let 1 ≤ l ∈  and 2 ≤ qi ∈  (1 ≤ i ≤ l). We put
k1 = 1, ki+1 =
∏i
j=1 qj for 1 ≤ i ≤ l, and n = kl+1 − 1. Hence
(1) 1 = k1 < k2 < · · · < kl < kl+1 = n+ 1 and
(2) ki  ki+1 for all 1 ≤ i ≤ l.
We choose integers a1	 a2	    	 al ∈  so that qiai < ai+1 for all 1 ≤ i < l
and put ci = ai+1 − aiqi for each 1 ≤ i < l. Let i ∈  = 1	 2	    	 n
and write i = ∑lj=1 βijkj with βij ∈  such that 0 ≤ βij < qj for all 1 ≤
j ≤ l (cf. Lemma (4.1)). We put pi =
∑l
j=1 β
i
jaj . Let fi = xi/tpi and C =∑n
i=0Rfi (here p0 = 0). Then pki = ai for 1 ≤ i ≤ l, f
qi
ki
= tci fki+1 for
1 ≤ i < l, and f qlkl = 0. A simple use of Proposition (4.2) guarantees that
the integers pi0≤i≤n satisfy the condition (2.1) and so C is a graded R-
subalgebra of B. If we take a1 ≥ 1 when l = 1 (resp. a1 ≥ 0 when l ≥ 2),
then CA. Furthermore we have the following.
Theorem (4.10). (1) C is a complete intersection and C = k1	
k2	    	 kl.
(2) The ring GC =
⊕
i≥0
i
C/
i+1
C is Cohen–Macaulay if and only
if ci + 1 ≥ qi for all 1 ≤ i < l. When this is the case, the ring GC is a
complete intersection and aGC =
∑l
i=1 qi − l + 1.
Proof. (1) We have pki = ai (1 ≤ i ≤ l) and fi = f
βi1
k1
f
βi2
k2
· · · fβ
i
l
kl
for
each i = ∑lj=1 βijkj ∈ , where 0 ≤ βij < qj for all 1 ≤ j ≤ l. Hence C =
Rfki  1 ≤ i ≤ l. Let P = RX1	X2	    	Xl be the polynomial ring in l
variables over R. We regard P to be a graded ring whose graduation is given
by P0 = R and Pki  Xi 1 ≤ i ≤ l. Let ϕ	 P → C be the epimorphism of
graded R-algebras deﬁned by ϕXi = fki for all 1 ≤ i ≤ l. Then
Ker ϕ ⊇  = Xqii − tciXi+1  1 ≤ i < l + Xqll 
Let gi = Xqii − tciXi+1 (1 ≤ i < l) and gl = Xqll . Then the sequence
of homogeneous elements t	 g1	 g2	    	 gl is P-regular, so that the ring
S = P/ is a local complete intersection. Each Xi is nilpotent mod
and so S is a ﬁnitely generated R-module. Now notice that the epimorph-
ism 
ϕ	 S/tS → C/tC induced from ϕ is an isomorphism because
788 goto, haraikawa, and iai
lS/tSS/tS =
∏l
i=1 qi = n+ 1 = lC/tCC/tC. Hence S ∼= C by Nakayama’s
lemma (recall that t is C-regular), so that C is a complete intersection.
Since vS/tS = l, we get vC = l + 1 and so C = k1	 k2	    	 kl.
(2) We put  = C . Let  = t	 Xi1≤i≤lP denote the maximal
ideal in P . We identify the associated graded ring G =⊕i≥0i/i+1
with the polynomial ring κT	Y1	 Y2	    	 Yl in l + 1 variables over κ =
R/, where T corresponds to the initial form of t and Yi corresponds to
the initial form of Xi (1 ≤ i ≤ l. If ci + 1 > qi for all 1 ≤ i < l, then the
initial forms Yq11 	 Y
q2
2 	    	 Y
ql
l of the elements X
q1
1 − tc1X2	    	Xql−1l−1 −
tcl−1Xl	X
ql
l constitute a regular sequence in G = κT	Y1	 Y2	    	 Yl
so that we have the isomorphism
G ∼= κT	Y1	 Y2	    	 Yl/Yq11 	 Yq22 	    	 Y qll 	
whence G is a complete intersection. This argument still works in the
case where ci + 1 ≥ qi for all 1 ≤ i < l in order to show that G is a com-
plete intersection. See [GW, Remark (3.1.6)] for the equality aG =∑l
i=1 qi − l + 1.
Conversely assume that G is Cohen–Macaulay but ci + 1 < qi for
some 1 ≤ i < l. Let I = fki  1 ≤ i ≤ l. Hence  = tC + I. We have
tciC ∩ qi = tci ·qi−ci , because the initial form of t is regular in G
(recall that n+1 = t·n; cf. Lemma (2.3) (1)). Therefore, since f qiki =
tci fki+1 , we get fki+1 ∈ qi−ci = tqi−ciC + Iqi−ci−1. Let us write
fki+1 = tqi−cig +
i∑
j=1
fkjgj + δfki+1	
where g ∈ Cki+1 and gj ∈ qi−ci−1ki+1−kj , and δ ∈ qi−ci−10. Then g =
αfki+1 and gj = βjfki+1−kj with α	βj ∈ R. Notice that fkj fki+1−kj = γjfki+1
for some γj ∈ , because ki+1 ∈ C (Proposition (2.4)). Therefore
fki+1 = αtqi−ci +
i∑
j=1
βjγj + δfki+1
so that 1 = αtqi−ci + ∑ij=1 βjγj + δ. Hence δ ∈ , which is impossible
because δ ∈ qi−ci−1 and qi > ci + 1. Thus ci + 1 ≥ qi for all 1 ≤ i < l,
once the ring G is Cohen–Macaulay.
Example (4.11). Let n = 11 and  = 1	 3	 6. We choose k1 = 1,
k2 = 3, and k3 = 6. Hence l = 3	 q1 = 3	 q2 = 2, and q3 = 2. We take
integers a1	 a2	 a3 ∈  so that 3a1 < a2 and 2a2 < a3 (for instance, let
a1 = 0, a2 = 1, and a3 = 3). Let p1 = a1, p2 = 2a1, p3 = a2, p4 = a1 + a2,
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p5 = 2a1 + a2, p6 = a3, p7 = a1 + a3, p8 = 2a1 + a3, p9 = a2 + a3, p10 =
a1 + a2 + a3, and p11 = 2a1 + a2 + a3. Then the graded R-subalgebra
C =
11∑
i=0
R
xi
tpi
= R
[
x
ta1
	
x3
ta2
	
x6
ta3
]
of B is a complete intersection with vC = 4 and C = 1	 3	 6 (Theorem
(4.10)). We have the isomorphism
C ∼= RX1	X2	X3/X31 − ta2−3a1X2	X22 − ta3−2a2X3	X23 
of R-algebras. The ring GC is Cohen–Macaulay if and only if a2 ≥ 3a1+
2. When this is the case, GC is a complete intersection. If we take a1 ≥
0, then C ∈ A	g. And every D ∈ A	g which is a complete intersection
with D = 1	 3	 6 appears as one of those rings C with a1 ≥ 0.
Let C ∈ A	g and assume that vC = 3. Then C is naturally a complete
intersection, since vC = dimC + 2 and so by Proposition (4.6) we have
C = 1	 k (1 < k < n) and k  n+ 1. Hence n+ 1 is not a prime number.
Conversely if the number n + 1 is not prime, then by Theorem (4.10) we
have vC = 3 for some C ∈ A	g. Hence
Corollary (4.12). The following conditions are equivalent.
(1) n+ 1 is not a prime number.
(2) vC = 3 for some C ∈ A	g.
Corollary (4.13). Let C =∑ni=0Rxi/tpi ∈ A	g. Then
(1) GC is a Gorenstein ring if n ≤ 4.
(2) Suppose n = 5. Then the ring GC is not Cohen–Macaulay if
and only if p1 = a, p2 = 2a, p3 = 3a+ 1, p4 = 4a+ 1, and p5 = 5a+ 1 for
some 0 ≤ a ∈ . When this is the case, we have that vC = 3, C = 1	 3,
and the isomorphism
C ∼= RX1	X2/X31 − tX2	X22 
of R-algebras.
Proof. (1) We may assume vC ≥ 3. As vC ≤ n by Lemma (2.3) (3),
we have n ≥ 3. If vC = 3, then by Corollary (4.12) we have vC = n = 3
so that GC is a Gorenstein ring [S2]. If vC ≥ 4, then vC = n = 4
whence the ring GC is Gorenstein [S2].
(2) We have vC = 2	 3, or 5 (cf. Corollary (2.7) and Theorem (3.1)).
Therefore vC = 3 if GC is not Cohen–Macaulay (cf. [S2]). Assume
vC = 3. Then C is a complete intersection and so by Theorem (4.9) we
have either C = 1	 3 and p1 = a, p3 = b for some a	 b ∈  a ≥ 0 with
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3a < b, or C = 1	 2 and p1 = a, p2 = b for some a	 b ∈  a ≥ 0 with
2a < b. Since b − 2a + 1 ≥ 2, by Theorem (4.10) (2) the ring GC is
necessarily a complete intersection in the latter case. Therefore GC is
not a Cohen–Macaulay ring if and only if b− 3a+ 1 < 3, i.e., b = 3a+ 1 in
the former case, so that we have p1 = a, p2 = 2a, p3 = 3a+ 1, p4 = 4a+ 1,
and p5 = 5a+ 1 by Theorem (4.9).
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